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. . Mathematical proof ability is essential in mathematics learning because it supports
Article history: logical reasoning, conceptual connections, and higher-order thinking. However,
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group received direct instruction. Students were categorized into high-, medium-,
and low-knowledge groups. Data were analyzed using a two-way ANOVA at a 0.05
significance level. The results show that worksheet use, prior knowledge, and their
interaction significantly affect students' abilities in mathematical proof.

Corresponding address:

Febby Ayuni Esya Putri,
E-mail: febbyayuniesya.p@unja.ac.id

INTRODUCTION
Mathematical proof is a tool for demonstrating the truth in mathematics by integrating logical

reasoning, conceptual understanding, and problem-solving [1]—[3], which are essential for higher-
order thinking skills [4], [5]. Proof skills develop gradually, and students who can build clear and
coherent arguments tend to have stronger mathematical reasoning and be better prepared for future
lessons [4], [5]. Furthermore, learning environments that emphasize proof help students become
more skilled at judging whether mathematical claims are valid, which is an important sign of
mathematical expertise[6], [7]. For these reasons, proof skills should be optimized, as they are
recognized as a core process standard in mathematics education worldwide (NCTM), including in
Indonesia [8]—[11].

Teachers play an essential role in developing students' proof skills by providing meaningful
contexts and appropriate mathematical content for proof activities [12], [13]. One such context is the
Isoperimetric Problem. The Isoperimetric Problem, or the 9th-century B.C.E. Queen Dido problem,
tells about Queen Dido, who flees from her home to the North Coast of Africa after her brother kills
her father [14], [15]. Queen Dido asked the ruler of the North Coast of Africa for a piece of land,
which he would grant on the condition that the ground could be covered with cowhide. With that
cowhide, Queen Dido found that the circle is the largest area that can be covered compared to other
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shapes with the same boundary [14]-[16].

Isoperimetric problems provide an authentic context for practicing proof because they require
students to relate perimeter and area through deductive reasoning[17], [18]. Studies show that tasks
involving area—perimeter optimization foster rigorous argumentation and are identified as effective
authentic proof activities in mathematics classrooms [19]—[21]. Classic formulations, such as
determining the shape of maximal area for a fixed perimeter, lead directly to the circle, a result that
can be established by a variety of elegant proofs, from Steinet's geometric constructions to modern
variational arguments [7], [14]. This problem looks simple, but the proof of the Isoperimetric
Problem presented by experts such as Zenodorus and Steiner is difficult for students to understand
and requires material beyond the high school level [14], [22]. Nevertheless, it is still possible to explore
the Isoperimetric Problem using school-level mathematics by focusing on specific cases, such as
triangles and quadrilaterals, summarised in the following theorems.

Theorem 1. Square has the largest area among all rectangles with the same perimeter.

Theorem 2. The area of an equilateral triangle is greater than the area of an isosceles triangle and a
scalene triangle with the same perimeter

Theorem 3. The area of a square is greater than the area of a rectangle, parallelogram, trapezoid, or
rhombus with the same perimeter.

Based on Theorem 1, Theorem 2, and Theorem 3, the Isoperimetric Problem is related to the
minimum required school mathematics concepts, which are elementary geometry of perimeter and
area of Two-Dimensional Figures, and algebraic operations. For this reason, students can prove the
Isoperimetric Problem using the mathematics content they have studied in the second year of high
school, such as perimeter and area of Two-Dimensional Figures, algebraic operations, and the
derivative of a one-variable function. In other words, teachers can use Isoperimetric Problems as a
reference for mathematical proofs to improve students' ability to prove mathematically.

For high school students, working with the Isoperimetric Problem proof is especially valuable
because it brings together algebraic skills, geometric visualization, and logical thinking, all of which
are central to learning geometry [23]. The Isoperimetric problem also helps students see how abstract
mathematical ideas can be connected to real and observable situations, making the concepts easier to
understand and more meaningful. In addition, discussing the assumptions behind the proofs, such as
why certain shapes are considered optimal and how symmetry plays a role, encourages students to
think more carefully about whether an argument is complete and logically sound. This kind of
experience helps students improve their ability to justify solutions and explain their reasoning, areas
where many students still struggle in geometry [19], [24], [25].

Because the Isoperimetric Problem is rarely encountered in secondary curricula, teachers can
introduce it through a carefully designed worksheet. Worksheets serve as instructional scaffolds that
sequence the stages of conjecture, exploration, and justification, helping students record known facts,
organize intermediate results, and construct a coherent argument [26]—[28]. Recent studies show that
worksheet-based activities can significantly improve students' problem-solving performance.
However, their effectiveness largely depends on the quality of the prompts and the level of teacher
guidance [29].

Before using worksheets to optimise students' proofs of the Isoperimetric Problem, teachers
must assess learners' prior geometric knowledge, as they should know what students already know
about the mathematical content related to the Isoperimetric Problem. Studies of prospective teachers
suggest that students with strong content knowledge are better able to connect definitions, theorems,
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and visual representations into clear and logical arguments, resulting in stronger proofs [19]. In
contrast, research on proof learning consistently shows that students with limited prior knowledge
often struggle to recognize which concepts are relevant and to justify each step of their reasoning,
leading to incomplete or disconnected arguments [5].

Previous research has often examined students' abilities in mathematical proof or worksheet-
based instruction separately. Still, only a few studies have considered both factors together when
evaluating students' ability to prove the Isoperimetric Problem, and even fewer have used quantitative
methods for comparison. Reviews of proof research show that most studies focus either on how
students interact with mathematical content or on how instruction is designed, without
simultaneously taking into account students' prior knowledge and the specific nature of problems,
such as the Isoperimetric Problem [5]. Although studies on learning in structured environments
report that worksheets can support reasoning and proof, these improvements are rarely analyzed in
relation to students' prior geometric knowledge [30]. Taken together, these findings reveal a clear
research gap: the need for a rigorous quantitative study that examines how worksheet support and
students' prior geometric knowledge jointly affect proof performance on the Isoperimetric Problem.

The explanation above is the background for researchers to conduct research aimed at three
objectives. The first one is to describe the effect of the worksheet on students' ability to prove the
Isoperimetric Problem. The second one is to describe the effect of students' prior knowledge on
students' ability to prove the Isoperimetric Problem. The last one is to have information on the effect
of the interaction between giving a worksheet and students' prior knowledge on students' ability to
prove the Isoperimetric Problem.

METHODS
This study employed a true-experimental research design with a pre-test and post-test control

group design. The research was conducted at MAN 2 Jambi City, Indonesia, from August 15 to

August 30, 2025. Two second-year high school classes were selected through simple random

sampling. One class was assigned as the experimental group, and the other as the control group.
Table 1. Research Design

Groups Pre-test Treatment Post-test
Experiment  Yes Worksheet Yes
Control Yes Direct Learning Yes

Before the treatment, both groups were given a pre-test to assess students' prior knowledge of
the Isoperimetric Problem. Based on the pre-test scores, students were classified into three prior
knowledge categories: high, medium, and low, using the mean and standard deviation criteria.
Students whose scores were greater than the mean plus one standard deviation were categorized as
high, those within one standard deviation of the mean were categorized as medium, and those whose
scores were lower than the mean minus one standard deviation were categorized as low.

Table 2. Prior Knowledge Category

Criteria Category
x > X + stdev High
X —stdev < x < X + stdev Medium
x < X — stdev Low

Remarks:
x: students' pre-test score

X: mean pre-test score
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stdev: deviation standards pre-test score

After the pre-test, the experimental group received instruction using worksheet-based activities
combined with cooperative learning, where students were guided to construct proofs of the
Isoperimetric Problem through structured prompts. In contrast, the control group learned through
direct instruction, in which the teacher explained the proof process and guided students step by step.
At the end of the instructional period, both groups completed a post-test designed to assess their
ability to produce mathematical proofs related to the Isoperimetric Problem.

The research instruments consisted of a pre-test and a post-test, both of which measured
students' ability to construct mathematical proofs. Data from the pre-test and post-test were analyzed
using a two-way analysis of variance (Two-Way ANOVA) at a significance level of 0.05 to examine
the effects of worksheet use, prior knowledge, and their interaction on students' mathematical proof

ability.

RESULTS AND DISCUSSION
Based on the pre-test results, the experimental class had a mean score of 40.55 (SD = 19.77),

while the control class had a mean score of 48.13 (SD = 16.38). Students in both classes were
categorized into high, medium, and low prior-knowledge groups based on the mean and standard
deviation of their pre-test scores, as shown in Table 3. The distribution of students across prior
knowledge categories is shown in Table 4.

Table 3. Categorization of Prior Knowledge

Prior Knowledge Categories

1
Classes High Medium Low
Experiment x> 60.32 20.78 < x < 60.32 x < 20.78
Control x> 6451 31.75 < x < 64.51 x < 31.75

Remarks: x is the students' pre-test score
Table 4. Percentage of Students According to Their Prior Knowledge

Prior Knowledge Categories

Classes . :
High Medium Low
Experiment 17.24% 68.97% 13.79%
xperimen
P (5 Students)* (20 Students)* (4 Students)*
17.24% 68.97% 13.79%
Control
(5 Students)* (21 Students)* (4 Students)*

*out of 29 students

Following the pre-test, the experimental class received worksheet-based instruction combined
with cooperative learning, whereas the control class received direct instruction. Although both groups
learned the same mathematical content, the instructional approaches differed. After the instructional
intervention, students in both classes completed a post-test designed to measure their ability to
construct proofs of the Isoperimetric Problem.

Before conducting the Two-Way ANOVA, tests of normality and homogeneity were
performed. The normality test results indicated significance values of 0.198 for the experimental class
and 0.059 for the control class, both exceeding the 0.05 threshold, suggesting that the data were
normally distributed. The homogeneity test also yielded a significance value of 0.162, indicating
homogeneous variances. Therefore, the assumptions for Two-Way ANOVA were satisfied.
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Table 5. Two-Way ANOVA Result

Source of Variation df Mean Square F Sig.
Worksheet 1 1026.286 9.945 0.003
Prior Knowledge 2 5687.432 55.114 0.000
Interaction 2 329.833 3.196 0.049
Error 52 103.195 - -

Total 58 -

The analysis revealed a significant main effect of worksheet use (F = 9.945, p = 0.003),
indicating that students who learned using worksheets demonstrated significantly higher mathematical
proof ability than those who received direct instruction. This finding suggests that worksheets
effectively support students in understanding and structuring proofs, particularly for unfamiliar topics
such as the Isoperimetric Problem.

A significant interaction effect between worksheet use and prior knowledge was also found (I
= 3.196, p = 0.049). As illustrated in Figure 1, students with high and medium prior knowledge
benefited more from worksheet-based instruction than from direct instruction. However, students
with low prior knowledge performed better under direct instruction than when learning with
worksheets. This result suggests that students with limited prior knowledge may rely more heavily on
explicit teacher explanations and may struggle to engage effectively in collaborative, worksheet-based

learning without sufficient scaffolding.

100.00 Classes

— With Worksheet
— Without Worksheet

80.00

E0.00

Estimated Marginal Means

4000 |

Low Medium High

Prior_Knowledge

Figure 1. Interaction Variable

Opverall, the findings indicate that while worksheets are effective in enhancing mathematical
proof ability, their effectiveness depends on students' prior knowledge. Teachers should therefore
consider students' readiness when selecting instructional strategies and provide additional guidance
for students with low prior knowledge to ensure equitable learning outcomes.

The results of the Two-Way ANOVA indicate that worksheet use has a significant effect on
students' ability to prove Isoperimetric Problems (p = 0.03 < 0.05). This finding suggests that
worksheet-based instruction effectively supports students' development of mathematical proofs.
Because the Isoperimetric Problem is generally unfamiliar to high school students, the structured
guidance provided by the worksheets helped students understand the problem context and follow the
logical steps required to construct a proof. Worksheets introduce the problem gradually, providing a
structured sequence that guides students from known facts to the target theorem [31]—[33]. The
step-by-step prompts embedded in the worksheets enable learners to grasp the underlying theorems
more efficiently [34]. This result is consistent with previous studies showing that well-designed
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worksheets facilitate students' understanding of complex mathematical tasks by clarifying problem
structure and reasoning processes [35]—[37].

In addition to improving conceptual understanding, the use of worksheets contributed to a
more structured learning process. Students who clearly understood the Isoperimetric Problem and
the stages of the proof were better able to select and apply appropriate mathematical concepts. In
contrast, students in the control class, who learned through direct instruction, often struggled to
identify which mathematical concepts were relevant to proving the Isoperimetric Problem, despite
the teacher's explanations. This lack of clarity led to longer problem-solving time, inefficient use of
classroom time, and greater dependence on teacher assistance. Worksheets served as cognitive
scaffolds, guiding students step by step through the reasoning process, reducing cognitive load and
helping them focus on essential relationships among concepts [38], [39]. Moreover, the structured
prompts in the worksheets encouraged students to actively engage in analysis and justification rather
than passively following the teacher's explanations [306], [39]. These findings support eatlier research
indicating that worksheets help organize students' thinking and make learning activities more
systematic and manageable [40], [41].

Worksheets also played an important role in assisting teachers in monitoring students' learning
progress. In the experimental class, teachers could track students' progress and identify difficulties
through students' written work on the worksheets. In contrast, in the control class, teachers found it
more difficult to assess students' progress, as only a few students actively articulated their ideas during
the proof process. This result aligns with previous studies that emphasize that worksheets serve as an
effective formative assessment tool, enabling teachers to observe students' reasoning processes more
closely [36], [40].

Furthermore, the experimental class used cooperative learning in conjunction with worksheets.
The findings indicate that collaboratively structured learning supported by worksheets had a greater
impact on students' ability to solve Isoperimetric Problems. Collaborative learning encourages active
engagement, peer discussion, and shared reasoning, allowing students to construct understanding
through interaction rather than passive listening [31], [42], [43]. During group work, students in the
experimental class actively exchanged ideas, discussed alternative strategies, analyzed relationships
between the Isoperimetric Problem and related mathematical concepts, and formulated conclusions.
These activities contributed to the development of key mathematical reasoning skills, such as
identifying relationships, forming conjectures, testing proofs, and drawing logical conclusions. This
result is consistent with previous research showing that proof-oriented and worked-example
worksheets enhance students' proof construction and reasoning abilities [8], [29], [44].

The analysis also revealed that students' prior knowledge significantly affects their ability to
prove the Isoperimetric Problem (p = 0.007 < 0.05). This finding supports eatlier studies indicating
that prior knowledge plays a crucial role in the learning process by enabling students to connect new
information with existing conceptual frameworks [45]—[47]. The Isoperimetric Problem requires an
understanding of prerequisite concepts such as the area and perimeter of two-dimensional figures and
algebraic operations. Students who lacked mastery of these concepts encountered difficulties in
constructing valid proofs, as they were unable to select or apply appropriate mathematical ideas [17],
[35], [45], [48].

Students with low prior knowledge had particular difficulty in answering pre-test questions on
area, perimeter, and algebraic operations. This observation is consistent with findings that students
with limited prior knowledge struggle to integrate new information into their existing knowledge
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structures [45], [46]. To address this issue, teachers encouraged students to review prerequisite
concepts before beginning the proof activities and provided brief conceptual reinforcement to reduce
misconceptions during the learning process [39], [49].

Differences in problem-solving strategies were also observed across prior knowledge
categories. Students with high prior knowledge employed multiple strategies to determine areas of
various shapes with equal perimeters, such as comparing the areas of equilateral and isosceles
triangles, or squares with other quadrilaterals. In contrast, students with medium and low prior
knowledge frequently relied on inappropriate strategies, such as incorrectly applying the Pythagorean
Theorem to determine heights or diagonals. These students required additional hints from the teacher
to explore alternative strategies. This finding aligns with research suggesting that students with higher
prior knowledge possess a broader repertoire of strategies and are better able to select appropriate
approaches for solving complex problems [45], [50], [51].

The interaction effect between worksheet use and prior knowledge was also statistically
significant (p = 0.049 < 0.05). The interaction plot (Figure 1) shows that while students with high and
medium prior knowledge benefited more from worksheet-based instruction, students with low prior
knowledge performed better under direct instruction. This result indicates that students with low
prior knowledge may rely more on explicit teacher explanations and structured guidance than on
collaborative worksheet-based activities [45], [50], [51]. When learning with worksheets, these
students tended to accept their peers' solutions without fully understanding the underlying concepts,
leading to weaker performance on proofs [52].

This finding reinforces the idea that instructional strategies should be selected by considering
students' characteristics, learning readiness, and prior knowledge [39], [42], [50]. Although worksheets
are effective in supporting proof construction, additional scaffolding or more explicit instruction may
be necessary for students with low prior knowledge to ensure that they can meaningfully engage with
proof-oriented tasks [45], [53]. Therefore, teachers should carefully balance worksheet-based learning
and direct instruction to optimize students' abilities in mathematical proof across different levels of
prior knowledge [28], [33], [54].

CONCLUSIONS AND SUGGESTIONS
Based on the results and discussion, three main conclusions can be drawn from this study. First,

worksheet-based instruction has a significant effect on students' ability to construct mathematical
proofs of the Isoperimetric Problem. Second, students' prior knowledge significantly influences their
ability to produce mathematical proofs. Third, there is a significant interaction between worksheet
use and prior knowledge, indicating that the effectiveness of instructional strategies depends on
students' learning readiness.

The findings show that worksheets provide structured guidance that helps students understand
the Isoperimetric Problem and follow the logical steps required for proof construction. Students with
strong prior knowledge of prerequisite concepts, such as area, perimeter, and algebraic operations,
demonstrate higher proof performance. Moreover, the interaction results reveal that worksheet-based
learning is more effective for students with high and medium prior knowledge. In contrast, students
with low prior knowledge tend to benefit more from direct instruction. These findings suggest that
instructional design should consider students' characteristics, prior knowledge levels, and the nature
of the mathematical content to optimize students' abilities in mathematical proof.
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This study has several limitations. The intervention was conducted within a limited time frame

and focused only on two-dimensional Isoperimetric Problems. Proofs of the Isoperimetric Theorem

for polygons with n = 5 and applications to three-dimensional objects were not examined. Future

research is recommended to explore more advanced forms of the Isoperimetric Problem, incorporate

longer instructional interventions, and investigate additional scaffolding strategies for students with

low prior knowledge. Despite these limitations, this study provides empirical evidence on the roles of

worksheet-based instruction and prior knowledge in supporting students' construction of

mathematical proofs in secondary mathematics education.
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